Chapter 5

Supersymmetric Quantum Mechanics on CP*
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Complex projective n-dimensional space is defined as flat (n+1)-dimensional complex space minus the origin,

with points identified that are equal up to a scaling by a complex number
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opr _ {1 £0 T
[2] ~ [Az]
CP" can be covered by n+1 coordinate patches. In terms of the n+1 homogeneous coordinates [Zy, 71, -+ , Z,]

, the simplest way to do this is to take inhomogeneous coordinates
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and similarly for each patch up to the (n+1)-th
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Coodinates transformations on the overlap of these patches are manifestly holomorphic, so CP" are complex
Z; . . , : :
manifolds. Letting {w; = 7} be coordinates in the first coordinate patch (Z, # 0), a metric may be put on
0

CP". This metric, the Fubini-Study metric takes the form
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The associated Kéhler form is closed, so CP" are Kihler manifolds. They are in fact the Kidhler manifolds with
minimal cohomology, the only harmonic (p,q)-forms being exterior powers of the Kéhler form.

The Hodge Numbers are therefore

hP?(CP™)
hPa(CP")
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which gives the Euler Characteristic as



X(CP") =n+1
CP" can be shown to be equivalent to the homogeneous space

_ SUm+1)
~ SU(n) x U(1)

cp"
where SU(n + 1) is the isometry group of the CP", i.e. the group of diffeomorphisms of the manifold which
leaves the metric invariant, U(n) = SU(n) x U(1) is the isotropy or stability group, the subgroup of the
isometry group which leaves a particular point fixed, the U (1) factor is due to the freedom to scale by a
complex number.

CP' is equivalent to the 2-sphere.



5. Supersymmetric Quantum Mechanics on cp”

The second illustration of the relationship between supersymmetric quantum mechanics and fixed point
theorems is with the manifold CP*. This is an example where the fixed point set of a Killing Vector need not
just consist of isolated fixed points.

Firstly the ordinary Laplacian on CP? is dealt with and the Frobenius Reciprocity Theorem is used to
demonstrate that all the solutions have been found. Killing Vectors are then introduced into the supersymmetry
algebra, the zero energy solutions are related to the topology of the manifold and perturbation theory is used to

show how the symmetry breaking affects the excited states.



51 CP?
CP? can be represented by three homogeneous complex coordinates (Zy, Z;. Z,) , with points identified that

are equal up to scaling by a complex number. In terms of the inhomogeneous coordinates
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the Fubini-Study metric tensor on CPP” takes the form
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and so the Kéhler form is
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The isometry group of CP* is SU(3). Explicit formulae for the generators of this group can be found by taking
the generators of U(3), the isometry group of C?, and transforming from the homogeneous coordinates on CP*

to the inhomogeneous coordinates. The nine generators of U(3) are
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Transforming each of these generators into inhomogeneous coordinates gives
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Thus in terms of the inhomogeneous coordinates there are eight independent operators, the generators of SU(3).
[The fifth operator minus the first is equal to the last operator on the list.] A U(1) factor having been lost due to
the freedom to scale the homogeneous coordinates. We will take as a basis for SU(3):
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In terms of an SU(3) root diagram the basis takes the following form:

Ul"i

where /3 measures the third componenet of the SU(2) subgroup /;, , the distance of a weight along the /,,;,

axis, and U3 measures the corresponding distance along the U, axis. Y7, Yy, Yy are hypercharge operators,

which commute with I, Ui, and V,,;, respectively.

_J 0
Y]—U%—U%
o _0
YU—Zg—Zg



5.2 Supersymmetry on CP*
Defining, as before, the supersymmetry operators

Qr=0+0" , Q=040 , Q3 =i(0—0%) , Q,=i(0—0%)
gives the supersymmetry algebra
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Due to the invariance of the metric under the isometry group the eigensolutions of the Laplacian on CP? form
representations of SU(3), but only certain representations of SU(3) occur. To determine the complete set of

eigensolutions it is necessary to employ the Frobenius Reciprocity Theorem.

5.2.1 The Frobenius Reciprocity Theorem [19][20]

CP" are examples of homogeneous spaces GG/ H , where G is the isometry group and H is the isotropy group,
the subgroup which leaves one point fixed. The eigensolutions of the Laplacian on a homogeneous space form
the representations of the isometry group G induced by some representation of the isotropy group H.

The Frobenius Reciprocity Theorem determines how induced representations decompose into irreducible
representations. The theorem states that the multiplicity of the occurrence of a particular representation of G, in
the representation induced by a representation R of H, is equal to the multiplicity of R in the irreducible
representation of G when it is decomposed under the subgroup H. In the case in question G and H are infinite
groups, so the induced representation is an infinite dimensional function space and decomposes into an infinite
number of irreducible representations of G.

Taking as an example the two-sphere S? = CP' = SU(2)/U(1) the zero-form eigensolutions of the Laplacian
transform trivially under the isotropy group and so form the representation of SU(2) induced by the trivial
representation of U(1). To decompose this representation each irreducible representation of SU(2) is examined
to see how many times the trivial representation of U(1), i.e. the chargeless singlet, occurs after decomposition
under U(1). It is straightforward to see that the odd-dimensional representations of SU(2),1, 3,5, --- each
contain one chargeless singlet when decomposed under U(1) and the even-dimensional representations
2.4.6,--- don’t contain any. The Frobenius Reciprocity Theorem therefore implies that the eigensolutions of
the Laplacian form one copy each of the odd-dimensional irreducible representations of SU(2). These are in
fact the Associated Legendre Funcions Y, (z) . This is the reason why orbital angular momentum is never half

n

integer valued.



One-forms transform as a covector. Under the isotropy group U(1) this two-dimensional covector decomposes
into a (1,)-form with charge +1 and a (0,1)-form with charge -1. These form two separate irreducible
representations of U(1). Both the +1 and the -1 representations occur once in the decomposition under U(1) of
each of the odd-dimensional representations of SU(2) apart from the singlet, i.e. 3,5, 7, - - -, but not in the even-
dimensional representations. Therefore the one-form eigensolutions of the Laplacian on S? form two copies of
each of the odd-dimensional representations of SU(2) apart from the singlet, one copy consisting of (1,0)-forms,
the other copy being (0,1)-forms.

The two-form eigensolutions are Poincare dual to zero-form eigensolutions and so form the same SU(2)
representations, that is, one copy of the odd-dimensional representations 1,3,5,--- .

When the Laplacian on S? was considered in the previous chapter the Frobenius Reciprocity Theorem was not
essential to understand which representations were formed by the eigensolutions. It is well known that the
scalar spherical harmonics are the Associated Legendre Functions and the one-form and two-form
eigensolutions must all be related to these by supersymmetry, forming supersymmetry quadruplets.

On CP? things are more complicated and without invoking the Frobenius Reciprocity Theorem it is not obvious
which irreducible representations of SU(3) occur as eigensolutions of the Laplacian.

CP* is equivalent to the homogeneous space SU(3)/SU(2), so zero-form eigensolutions of the Laplacian on
CP? form the representation of SU(3) induced by the trivial representation of U(2). The multiplicity of an
irreducible representation of SU(3) in this representation is equal to the number of hypercharge zero singlets it
contains after decomposition under U(2).

Moving inwards in the weight diagram of an irreducible SU(3) representation, the number of weights at each
point in a particular layer increases by one every time the previous layer was hexagonal. Once a triangular layer
is reached the number of weights at each point in this triangle and within are the same. Decomposing an
irreducible representation of SU(3) under U(2), a hypercharge zero singlet will only be obtained if the number
of weights at each point increases in each layer all the way to the centre. In this case the hypercharge zero
weights will decomposed into the U(2) representations 1° & 3° @ 5° & - - - Thus a hypercharge zero singlet
occurs once in the decomposition of the regular hexagon representations, but not in the decomposition of any
other irreducible representations. Therefore the only representations occurring as zero-form eigensolutions of
the Laplacian on CP* are the trivial representation and the regular hexagons, and each of these occurs once. The

dimension of the n-th regular hexagon representation of SU(3) is (n + 1) .



One-forms transform as covectors which on CP? form the following four-dimensional representation on an

2
SU(3) weight diagram (where hypercharge has been scaled by a factor of 7 ).
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and decompose under U(2) into two doublets, a (1,0)-form doublet 2! and a (0,1)-form doublet 2.

After decomposing the irreducible representations of SU(3) under U(2) it can be seen that the regular hexagons

all contain both doublets, the hypercharge +1 states decomposing into 2! & 4! ¢ 6 @ - - -

-1 states decomposing into 27! 4~ 6~ P .- .

and the hypercharge

The hypercharge +1 doublet is also contained in the decomposition of the triangular decuplet representation

2X Y, "‘3?“"}‘"33

and a sequence of larger representations produced by surrounding the decuplet with irregular hexagons. If the

decuplet is considered as an irregular hexagon with sides of length nought and three, the next representation is



an irregular hexagon with sides of length one and four, the 35-dimensional representation, the next is an
irregular hexagon with sides of length two and six, the 81-dimensional representation, and so on.

The hypercharge -1 doublet is contained in the decomposition of the complex conjugate representations, 10, the
35, the 81 etc.

The one-form eigensolutions of the Laplacian on CP* therefore consist of a (1,0)-form copy of each of the
regular hexagonal representations, a (1,0)-form copy of each of the sequence of irregular hexagonal
representations which contains the triangular decuplet at the centre including the decuplet itself, a (0,1)-form
copy of each of the regular hexagons and a (0, 1)-form copy of the complex conjugate of the previous irregular
hexagonal representations.

Two-forms transform as anti-symmetric second rank cotensors. Taking anti-symmetric combinations of two of
the previous four-dimensional covector representations gives the following six-dimensional representation on

an SU(3) weight diagram,
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which decomposes under U(2) as a (2,0)-form singlet 12, a (1,1)-form triplet 3°, a (1,1)-form singlet 1° and a
(0,2)-form singlet 172,

The hypercharge zero singlet 1° is contained in the decomposition of the SU(3) singlet and each of the regular
hexagons. The hypercharge zero triplet 3° is contained once in each of the regular hexagons, once in the
decomposition of the decuplet and its sequence of irregular hexagons and also once in the complex conjugate of
the decuplet and the complex conjugate of the sequence of irregular hexagons. The 12 representation is
contained once in the decomposition of the decuplet and each of its sequence of irregular hexagons and the 12
representation is contained once in the decomposition of each of the complex conjugate representations.

The two-form eigensolutions of the Laplacian on CP? therefore consist of a (1,1)-form SU(3) singlet, two (1,1)-
form copies of each of the regular hexagon representations, a (2,0)-form and a (1,1)-form copy of the decuplet
and each of its sequence of irregular hexagons and a (0,2)-form and a (1,1)-form copy of the anti-decuplet and

each of its sequence of irregular hexagons.



The three-form eigensolutions correspond to the one-form eigensolutions in a one-to-one way, as do the four-
form eigensolutions to the zero-form eigensolutions due to Poincare duality.

Taking these results as a whole it can be seen that the Frobenius Reciprocity Theorem indicates that on CP? the
Laplacian has three singlet solutions, a (0,0)-form, a (1,1)-form and a (2,2)-form. These three solutions must
have zero energy as there are no one-form or three-form singlet solutions to which they could be mapped by the
supersymmetry operators, so the Frobenius Reciprocity Theorem is powerful enough to actually determine the
cohomology of the manifold. The three zero energy solutions are in fact the constant (0,0)-form, the Kihler

form w and the volume form V.

1 1
V=-wAw=———-=—dzNduNdzZA\du
2 (14 22 + uu)?

The rest of the solutions form supersymmetry quadruplets. Each of the regular hexagons comes in two
quadruplets, one containing a (0,0)-form, a (1,0)-form, a (0,1)-form and a (1,1)-form and a Poincare dual
quadruplet containing a (2,2)-form, a (1,2)-form, (2,1)-form and a (1,1)-form. Each of the decuplet and its
sequence of irregular hexagons comes in one quadruplet containing a (1,0)-form, a (2,0)-form, a (1,1)-form and
a (2,1)-form. Each of the anti-decuplet and its sequence of irregular hexagons comes in a quadruplet consisting
of a (0,1)-form, a (1,1)-form, a (0,2)-form and a (1,2)-form.

All the states contained in the regular hexagon representations may be found by considering the Laplacian on
scalars and using supersymmetry operators and Poincare duality. Similarly all the states contained in the

irregular hexagon representations may be found by considering the Laplacian on one-forms.

5.2.2 The Regular Hexagon Representations

The Laplacian on scalars is
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Eigensolutions of the Laplacian which are members of regular hexagons will be denoted Xf{j () (z,u),n
signifies the level of the representation, i and j are the eigenvalues of the operators /5 and Us respectively, and
(k) is a degenergy label for states occupying the same point in the SU(3) weight diagram. The highest weight

eigensolutions X" (z, u) take the form
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It is quite straightforward to compute the action of the Laplacian on these functions.



n—1

dxp"(z,u)  nu"z nu"z"z
dz (14 zz4ua)r (14 22 + ua)"

~na"z" (1 + i)
(1 + 22 + ua)mtt

dx™"(z,u) —nu"tizn

du (14 22 4 ua)

X (zou)  —n(n 4+ 1)u"z"(1 4 ui)

dzdz (14 22 +uu)"*+?
Expt(z,u) 0wt ! n(n+ Dua"z"" v n(n+ 1)u"2"" u(l + ua)
dzdu (14 zz+ua)™tt (14 22 + ua) (1+ 2z + uu)"+?
n2uniznt n(n+ 1)u"z"tuzz

(14 2z + wa)"t! i (14 2z + ua)"+?

X (zu)  n(n4 Dttt
dzdu  (1+ 2% + uu)"+2

P (zu)  —n(n+1)a"z" (14 22)

dudu (14 2z + uu)"+?
which gives finally
1
Dox"(z,u) = m[?n(n + 1)(1 4+ uu)(1+ 22) — n?(1+ 22 + ut) — 2n(n + Duizz]x""(z,u)
{20+ 1) = )1+ i+ 2 )
=—[(2n(n -n i+ 22) X" (2, u
(1+ 2z + uu) Xn" A5

=n(n+2)x""(z,u)

It is again straightforward to show that this state is indeed a highest weight state, and so is annihilated by 7, and
U, .
0
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Under the transformation v <— z , the raising operators are transformed into each other /, <— —U, . The
state x"(z,u) is symmetrical under this operation and so must be annihilated by U, as well as 7, .

Thus the representation at level n has dimension (n + 1)® and energy £ = n(n + 2), and all the states in the
representation may be found by applying the lowering operators; ; , 7 and |/ to the highest weight state

X" (2 w).

5.2.3 The First Regular Hexagon States

The first excited state form the adjoint representation of SU(3), the octet, and have energy E = 3.
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The second excited states obtainable from the highest weight state x5 (z, u) = 5 form the 27
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representation. All these states are functions with denominators (1 + 2% + w)? . The numerators are
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and the energy of the states is /' = 8.



5.24 Irregular Hexagon Representations
The other sequence of representations which form eigensolutions of the Laplacian on CP* may be found by

consideration of the Laplacian acting on (1,0)-forms. The (1,0)-forms

1'_7] n+1 'l_LnJrl(lz
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are states in the n-th irregular hexagon representations. n must be greater than or equal to one for the state to be

normalizable. These states are annihilated by the Lie Derivative along the ladder operators, Ly, . Lv, . £1_ and

so are outer weight states.

The holomorphic exterior derivative and its adjoint act on these one-forms thus
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which gives finally for the operation of the Laplacian
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so the energy of the n-th irregular hexagon representation is £ = (n + 1)(n + 2).



The other members of the representations may be found by acting on these outer weight states with the Lie
Derivatives along the ladder operators: Ly, , Lv,,L1_ . The dimension of the n-th lowest of these

representations is given by the formula

5, = %(n +3)(2n + 3)

the first one being the decuplet. The (1,0)-forms which make up the decuplet representation and have energy

FE =6 all have denominators (1 + u@ + 2%)? with numerators as follows

u?dz
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These representations are complex so their complex conjugates must also be (0,1)-form eigensolutions of the
Laplacian, the 10 , the 35, the 81 etc.
The other three members of the supersymmetry quadruplets containing these 1-forms; i.e. the two 2-forms and a

3-form may of course be found by applying the supersymmetry operators.



5.3 Killing Vectors on CPP°

The fact that SU(3) is a rank 2 Lie group means that it is possible to introduce a two parameter family of Killing
Vectors into the supersymmetry algebra. The simplest way to do this is in terms of the two hypercharge

operators Y; and Yy

The effect of the Killing Vector acting on the coordinates is an infinitesimal rotation, which generically will
leave three points fixed. The easiest way to find the fixed points is to consider the homogeneous coordinates

(Zo, Z1, Z>) . In these coordinates the Killing Vector takes the form

0 9 0 0
k=islhgr — Dozl tillhg, — 2y

and the effect of this operator on the homogeneous coordinates is
(Zo, Zh, Zo) — (Zo, Zy + iesZy, Zo + it Zs)
where ¢ is an infinitesimal parameter, so the only points unchanged up to a scaling by a complex number are
=(1,0,0) , e =(0,1,0) , x3=(0,0,1) ,

the three fixed points.
In terms of the inhomogeneous coordinates these three points are the origins in the three coordinate patches

used to cover CP?. In the first coordinate patch
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the origin (z = 0,u = 0) corresponds to z; = (1,0,0).

In the second coordinate patch
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which in terms of the coordinates (z, u) on the overlap of the patches (x = —,y = E) . Using the chain rule to
2

transform the coordinates, the Killing Vector in the second patch take the form

B 0
k= —is{r— — F—] +i(t — 8)[y— — j—
ZS[SI‘&U Taj]ﬂ( S)[yay yag]

The fixed point in this patch is again the origin (z = 0,y = 0) and corresponds to the point z, = (0, 1,0).

In the third coordinate patch
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=20 ,=2 Zy 0
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the Killing Vector takes the form

k = —it[w% — w%] +i(s — t)[v% - U%]
The fixed point is the origin (w = 0,v = 0) and corresponds to the point z3 = (0,0, 1).
There are also three cases when the fixed point set of the Killing Vector doesn’t just consist of isolated fixed
points, but is composed of one fixed point plus a fixed CP' submanifold. The three cases for which this occurs
are when s =0 or t = 0 or s = t. In these cases the Killing Vector is an SU(3) hypercharge operator and so
commutes with an SU(2) subgroup of SU(3), this SU(2) being the isometry group of the fixed CP"'

submanifold. The first of these Killing Vectors in terms of the homogeneous coordinates is
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and its infinitesimal action on the coordinates is

(Zo, Zh, Zo) — (Zo, Zy + iesZy, Zs)
so the fixed point set consists of the point

zo = (0,1,0)
and fixed CP' submanifold

5(22) - (Zo, 0, ZQ)



In terms of the inhomogeneous coordinates, the first and third patches on CP? are needed to completely cover

this fixed CP' submanifold. The form of the Killing Vector in these two patches is the same

. 0 0
k = ZS[Z& — Z&]
in the first patch, and
o0 0
k = zs[v% — vaﬁ]

(z=0,u) in the first patch,

1
(w=—v=-==0) in the third patch.
u

The second hypercharge operator

k= z‘t[ZzaiZ2 — Zzaizg]
has a fixed point set consisting of the fixed point
z3 = (0,0,1)
and the fixed CP' submanifold

5(23) = (Zo, Zl: U)

The action of the third hypercharge operator
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on the homogeneous coordinates is
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so the fixed point set consists of the fixed point
z1=(1,0,0)
and the fixed CP' submanifold

5(21) == (0. Zla ZQ)

The standard form of the Killing Vector on any patch is
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where both parameters \; and ), are positive. To achieve this form the coordinates may have to be redefined by
interchanging one or both of the holomorphic coordinates with their conjugate coordinates. Each coordinate

interchange produces a reversal of the orientation of the patch.



5.4 The Introduction of a Killing Vector into the supersymmetry algebra
The exterior derivative may now be generalized by the inclusion of a Killing Vector to give d; + 7y , or more

specifically

ds =d+ 7’1’5(2%75%)4»#(11%717%)

leading to the Hamiltonian H as in section 3.

This operator may be split into a holomorphic piece J, and an anti-holomorphic piece 9, , where

du
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d, maps (p,q)-forms to (p,q+1)-forms and (p,q-1)-forms.
Js maps (p,q)-forms to (p=1,q)-forms and (p-1,q)-forms.

54.1 Cohomology corresponding to d,

It has not been possible to find all the harmonic forms in the sense of H, on CP?. The independent harmonic
forms are however in a one-to-one correspondence with the classes of closed but not exact forms, so it was
decided to settle for finding representations of these classes in the sense of d, . When acting on the subspace of
zero energy states d2 = 0, so d, may be treated like a nilpotent operator. Witten ([1] p.28, 29) gives a formula
for o', closed but not exact forms in the sense of d, , where i is an index running over the cohomology classes.

With CP? being a 4-dimensional manifold this reduces to
_ . -1 L -
ol =N (P(K?) + ¢ (K?)dk + §¢”(K2)dk A dk)

where ¢( K?) is the test function
HK?) = expl
a— K2
H(K?*) =0 otherwise

0 < a < local max. (K?)

, K’ <«

which is only non-zero over a region of CP* containing one fixed submanifold i.e. either a fixed point or a fixed

CP'. This is a continuous function because when the denominator of the exponent’s argument is zero it



vanishes along with all its derivatives. The parameter oz must therefore take a positive value less than the local
maximum of K2 surrounding the fixed submanifold. 1/’ are the representatives of the cohomology of the fixed
submanifold. The dual of the Killing Vector k: and the function K2 are defined in Appendix 3(i).

The ¢ are annihilated by the exterior derivative d by definition and also by i;, because they are defined on a
fixed manifold, therefore d,1)" = 0 . The fact that the other piece of the o' is annihilated by d, depends on the

relation d(K?) = —i(dk) which may easily be shown to be true as follows:

Lk = Lp=0
L.g=0 because k is a Killing Vector
= Lk=0
or  (dip +ird)k =0
dipk = —idk
dK? = —iydk .

The non-exactness of the o follows from consideration of the fixed manifolds. On a fixed manifold d, equals

the ordinary exterior derivative d which maps p-forms to (p+1)-forms, and the lowest-form part of o is then

1 . .

exp[——1]1; . If o* were exact in the sense of d, this would imply that the )" were exact in the sense of d which
«

is not the case. The other two terms in o on a fixed manifold are manifestly exact as ¢/(0) and ¢ (0) are

constants.

All this may be clearly illustrated for both the fixed point and the fixed CP! cases by consideration of the

0 0
Killing Vector k = 1s[zd— -z F] . The function K corresponding to this Killing Vector is
z z
K- s*(1 4+ uu)zz

(14 2z + uu)?

This is a degenerate Morse Function with three extrema; the minimum A 2 = 0 on the fixed
2

CP'(z=0,u)® (i =0,— =0), the maximum K? = SZ on the 3-sphere (2z = 1 + w) and the minimum
u u
. 1 ,
K? = 0 on the fixed point (z = — = 0,y = v 0) . The Morse Indices of these critical manifolds are p = 0 for
z z

the CP' and the point and p = 1 for the S°. This incidentally gives the following values for the Morse Numbers

using the formula at the end of section 1.2.1.

My = By(CP") + By(point) =1+ 1 =2
M1 = 30(53) + Bl(CP1> = 1 + 0 = 1
MQ == 31(53) + BQ(CIPﬂ) - O + 1=1



M3 - BQ(Sg> =0

Thus giving the value of the Euler Characteristic of CP? as

X(CP?) =) (-1))M, =2-14+1-0+1=3

p

Near the fixed CP' the two form dk may be calculated to be

—S

dk = ——
(14 2z + wau)3

(14wt — 22)[(1 4+ vwa)dz A dZ — zudu A dzZ — uzdz A du] — (1 — ui + 2Z)zZdu A du]

The two representatives of the conomology of the CP* are

r¢}1 = 1 N ’(Z}2 g 7du /\ diu
(14 uu)?
82
The parameter o may take any value greater than zero, but less than ik the maximum value of K2 which is on
4 s?
the S®. Taking o equal t0 vy0, = T the test function simplifies to give

_ _ 2
2<1+w—t+w>] ) 27 < 14 uE

s (14 ua — 22)

HK?) = exp<— [
H(K?*) =0 , 2z > 14 uu

Putting all these terms together in Witten’s formula gives two even-forms ! and o2 closed but not exact in the

sense of d; .

0 0 0 9,
In the second patch the Killing Vector takes the form k = —is[z— — #—] — is[y— — y——] . Near the fixed
ox oz oy o

point, the origin of this patch, K2 and dl: take the following form

s* (27 + yy)

K2 =
(1427 + y7)>

—S

dh=— "
T Atz )

(14+yy — zx)de Ndz + (1 4+ 2& — yy)dy A dy — 2zydy A dT — 2Zydz A dy



The representative of the cohomology is the constant zero-form ¢) = 1. The nearest maximum to the fixed

2
point is where 27 + yy = 1, which is of course the same 3-sphere as previously, where K? = T Taking this

maximum value for « the test function simplifies to

2@]3 v +yy <1

s (1 —az —yy)

P(K?) = eXP<—[

P(K*) =0 , x4y > 1

These expressions may be combined therefore to form ¢ , the third representative of the cohomology of CP? in

the sense of d, = d + 7 . The o' are only defined up to the addition of an exact form, so they are members of a

2
. — . s ‘
three parameter family which is apparent in the freedom to scale v between zero and T o', 0% and o are all

even-forms so the Euler Characteristic of CP? is just three, the sum of the dimensions of the even cohomology

groups.

5.4.2 The Zero Energy Solutions

Zero energy eigensolutions of the Laplacian corresponding to d, face much more stringent requirements
allowing no freedom to scale any arbitrary parameters. It has been possible to find the two self-dual even-form
zero energy eigensolutions, but unfortunately not the anti-self-dual zero energy solution.

Using the anti-holomorphic part of d; it is possible to show, as follows, that the even-forms

[ —s22 — tuu] 1
Pz, u) = — | (1 - —wA
(2, u) exp_1+7m+22_( w+ S w)
[ s2Z + tut | 1
DYz, u) = — (1 —w A
22 0) =exp| s 7 | (THwF qwAw)

where w is the Kéhler form, are zero energy eigensolutions of the Hamiltonian.

5[—5% - tuu] _ . [z(l + uu)dz — uzzdu] B [u(l + 2z)du — zuudz]

754'0, {’liu—;)u (] p ﬂ ,)2 Lau u U

5| —szZ —tuu
S |14 uu+ 2z



The anti-holomorphic exterior derivative annihilates the Kihler form and the interior product only acts on the
exterior algebra, the full operator J, therefore annihilates the states ®¢(z, u) and ®4(z, u) . Moreover these
states are real and so are annihilated by the holomorphic operator d, as well and therefore are closed in terms of
the generalized exterior derivative d, and are therefore zero energy eigensolutions of the Hamiltonian which is

the generalized Laplacian.

5.4.3 Excited States

The self-dual zero energy eigensolutions of the Hamiltonian, after the introduction of the Killing Vector into
the supersymmetry algebra consist of combinations of the representatives of the cohomology of CPP? multiplied
by scalar functions. These combinations of the representatives of the cohomology may be substituted into the
Schrodinger Equation to diagonalize the Hamiltonian. When this has been done the Hamiltonian takes a much
simpler form. On scalars it consists of the scalar Laplacian plus a function of z and u.

Taking the first of the zero energy eigensolutions

—szzZ — tuu

Po(2. u) = -
2(z,u) eXp[l—l—uﬂ+zZ

1
] (1-—w+ Jw Aw)
1
After the substitution of the differential form part of this solution, (1 — w + v A w) , into the Schrodinger

Equation the resulting diagonalized Hamiltonian on scalars

_D?

— ab
Hy =—g PRET + fi(z,u)

—szzZ — tuu

7] . The action of the Laplacian
1+uu+zz

must give zero when acting on the scalar part of the solution, exp [
on this function may therefore be used to find f1(z, u).

i 07 [—szé — tuﬂ}

9 ea0s P\ T wa + 22

s(14+uu —22z) + t(1 + 2z — 2uu) N —s222(1 +uu) — tPuu(l + 22) + 2stutizz —$2Z — tull
pu— X e —
1+ uu+ 2z (14 uu+ zz)? PlTrua+ 22

which gives the function f1(z,u) as



—s(1 +ut — 222) — t(1 + 2z — 2ui) N s222(1 4+ i) + t2uii(1 + 22) — 2stuiizz
1+uu+ 22 (14 v+ 2%)?

fi(z,u) =
The excited states form supersymmetry quadruplets which consist of a state composed of one of the zero energy
states multiplied by a scalar function plus its three supersymmetry partners. States formed from products of
functions with the different zero energy states are in separate supersymmetry quadruplets.
Apart from the zero energy solution, eigensolutions of /; cannot be found exactly.
A more tractable form of the Hamiltonian for the purposes of perturbation theory can be obtained by using the

zero energy eigensolutions as an integrating factor. With t = 0 for the moment, put

—SzZ
D(z,u) = , -
(z,u) = x(z,u) exp [1 v zz]

92

= o ab
HiZ®(z,u) = [—g df“df”

b D?x(z,u) . J 2Z Ix(zu)\ . 9 2Z ox(z,u) ox —sz2Z
g DEaOED ot | 1 +uti+ 22| 9P I |1+ uu+ 22| 0 i

The conjugated form of the Hamiltonian

HI=0 = exp % Hi=%exp LZ,
14+ uu+ 2z 1+uu+ 2z

is therefore

R _ 2

0
HI=0 = —gob +s(1+uu+zz)[(

1+zz)(1+uu)< ) zg)

EaEL (I14+wu+z2z)2 \ 0z 0
B uuzZ _0 N 0\ 2z(l4ua) i o 0 N 2Z(1 + uu) 9 N 9
(14 uu+ 2%z)? "0z " %oz (14 uu+ 2z)? “ou " “ou (14 uu+ 2%2)? " ou “au
o2 o 0
— _ ab _ _ _ . 1
I peoa <Zaz * Zf)z) 2

Due to the linearity of the derivatives in the potential term, the conjugated form of the Hamiltonian when ¢ # 0

follows immediately

=g (2200 (al pu D
LT e T\ Pa: Tz ou " "ou



The general form of the Hamiltonian H, , after the substitution of a zero energy solution, valid when acting on a
p-form of arbitrary p is the sum of the Laplacian and the Lie Derivative along the vector appearing in the

Hamiltonian when acting on scalars, £ 22 4o D)t tul) -

The form of the Hamiltonian H, acting on excited states corresponding to the other zero energy state $5(z, u)

follows straightforwardly by transforming the parameters s and t as follows: s — —s,t — —t .

Generically the potential term in the Hamiltonian s (za2 + z%) +t <u% + uag) commutes with the
Cartan Sub-Algebra of SU(3), /3 and Us , but not with any of the other generators. The SU(3) symmetry of the
Hamiltonian is broken to U(1) x U(1).

For the special cases s =0, t =0 and s = t where the Killing Vector is a hypercharge operator, the potential term
commutes with the hypercharge operator and an SU(2) subgroup of SU(3), so the SU(3) symmetry is broken to
SU(2) x U(1).

By a slight rearrangement the potential term can be rewritten in terms of ladder operators and states in the

SUQ3) octet.

o 0 1+uu+zz<a _8)

“0: T T Traut 2\ oz
1 d 0 9, 0 d J
= Trunt ez (Z@* Fop) tHG A @“““%—“5))
- z(g—kzg—}—uza) (a—lrzﬂ—kizi)—k (ui—zi) (ug—zi)
14 un 4 22 0z 0z ou 0z 9. " ou 0z u 0z ou

=1 (zou) - — T (zu) Ly — T (2 u) Ve + g (zw) Ve
transforming 2z <— u

9, 0 1
um + ua = VN2 ) Uy — XY (2 u)UZ = 3 (2 u) Ve + x5 (2 u) Vs

The general Killing Vector leads to the term

a a a a 1,0 —1,0 0,1 0,—1 1,1 —1,—-1
2— 4+ zZ— tlu— +u—) =s(x; I- — Pl —t(x; U —xy U s—t Vo — TV
( G + e ) + ( 9 + 0“) (Xl X1 +) (X1 X1 +) +< )(Xl X1 +)
which shows that when computing corrections to the energy in perturbation theory only matrix elements

between states of the same weight ¢ = ¢, 7 = j', in the same representation or one immediately above or

immediately below, n = n’ or n = n’ + 1, need to be considered.



5.5 Perturbation Theory
5.5.1 1st order perturbation theory (The Octet)

Unlike on the 2-sphere, the first order perturbative contributions on CP? don’t all vanish. On the 2-sphere there

. o 1 . .
is an argument due to symmetry of the Hamiltonian under » — — , where z is the coordinate on the sphere,
z

which shows that the matrix elements for first order perturbation theory vanish. However on CIP* no such
symmetry exists.

From the form of the perturbation which is made up of first order derivatives, it is obvious that the zero energy
ground state solutions which correspond to XB’O (z,u) = 1, receive no contributions to their energy in any order
of perturbation theory. The first order energy shift of the other states can be calculated by acting on the
wavefunction with the perturbing term and then expanding the result as a linear combination of the

eigensolutions. For the octet

(224—2&) uz _ﬂz(l—kuﬂ—zé)
0z "0z 14+wuu+zz (1 +ut+ 22)?
uz 1 6 4
= = |S(l+4uu+22)+-(2—22) — —(2— uu
(a5 Hueta2) +5(2-22) - 52— ui)
) 5
o 0 z (14 v — 2z)
(2= +2=2) — =2 ——
Jz 0z’ 14wuu+ 2z (14 uu+ 22)?

z

1 2
= ——————— (14wt +22) + - (1 = 22) — =(1 — 2uu)

(S8 e

(1+uu+22)% |5 5
Lo, 6 100) 2 100
= 5X1 + gXQ - ng
0 _0 U —2uzz
(2= +22) — = ———
Jz 0z 14wuu+z2z (1+uu+ 2z)?
U 2 _ _ 2 _ 4 _
= Atoateoye —g(l +uu + 2z) — 5(1 —uu) + 3(1 — 22%)
2 2 012) 4 o1
= —:X?’l — X2 1y X2 W
(9] 9] (9]
o 0 1—uu —22Z(1 — ua)
(Z{— + Zﬁ) - - = - -
dz  0Z'14wu+zz  (14+uu+ 2z)?
_ 2] (-wa) 2(1—22)% — 3(1 + 22)? 2(uu — 22)? — 3 (ut + 22)?
5 (14 uu + 22) (14 uu+ z2)? (14 uu+ z2)?

2 002 , 2 0001) 2 0003)
——5X1 ng 5X2



( 8+ 8) 1—2zz —22%(2 + uu)
VA Z— =
dz 0z’ 14wu+zz  (14+uu+ 2z)?
1+2 (1—2%2) 2 (1 —un) 3 [3(1 —wa)? — 3(1 4 uau)?
2 5(l+wu+zz) 5(l4+uu+=2z) 20 (14 ut + 2%)?
13[3(1—22)2 = 2(1+22)?]  1[2(uvu— 22)? — 3(u + 22)?
20 (14 uu + 22)? 4 (14 uu+ z2)?
L 2 00y 2 002 3 00y, 13 00 1 000
= 2+5X1 5 X1 20 X2 +20 2 +4X2

Degenerate perturbation theory must be used to find the first order shift for the two states with
n=1i=0,7=0.

0,0(1 _ 0,0(1 0,0
[ <X ( )|z% +z%|x1 @ S —A(l)El
det

0,0(2 _ 0,0(1
< X3 ()|z§—z+z%X1 RN
=0
0,0(1 _ 0.0(2 0,0(2 _ 0,0(2 0,0
<Xi ()|Z%+Z%‘X1 ® > <Xi UV%"‘Z% X1 ()>_A(1)E1

Substituting in for the matrix elements gives

_ A(I)E‘llo

|
[S31\]

IS
Q
~
—
[SHLM]
)

=0,ie. [AWEM 4+ HAOEY 2] =

0,0 5
_g — A(l)El

= corresponds to the eigensolution

Xo,o _ X0,0(1) _ 1—-22
+ ! 14 ut+ 22

corresponds to the eigensolution

0,0 0,0(1) 0,02 _ 3—z2zZ—uu
= + 2 = —
X X1 X1 1+ uti + 22



Collecting together the results for each member of the octet, the first order shifts due to the introduction of the

perturbation AH = s(zZ +zL) are

1 2 1
A( )E —gS gé
2
——s
)
=5 =5
2
+58
2
-5 ——s
)

where the position of the energy shift in the diagram corresponds to the position of the eigensolution in the
octet. As expected this perturbation breaks the original SU(3) symmetry to SU(2) x U(1), the SU(2) being
Uspin which commutes with z% +z %, giving a triplet, two doublets and a singlet under this group.

Using the symmetry under v <— z, the energy shifts due to the perturbation A = t(u% + ﬂ%) follow

immediately by a 3 rotation of the previous octet diagram. This gives

ou
1 1
9] 9]
2
—Zt
2 b 2
9] 2 9]
+t
1 1
-t -t
) )

Due to the linearity of the first order matrix elements, in the case of the general perturbing term
AH, = 5(2% + 2%) + t(u% + ﬂ%) , the first order energy shift is the sum of that from the two terms
separately, except for the case of the two states with ¢ = j = 0 where degenerate perturbation theory must be

used. In this case the energy shifts correspond to the eigenvalues of the matrix



0,0(1 _ _ 0,0(1 0,0(2 - _ 0,0(1
< < 0 Hs(z% +22) +tuz + )X, R )\3(2% +22) + tlul +u)|x; W )

0,0(1 _ _ 0,0(2 0,0(2 9 | - _ 910,002

< X3 ( ”3(2% +22) +t(u +u)|x; @S < X1 ( )|s(z% +22) + tul +u)|x; @
substituting in for the matrix elements leads to
25— 2t — AW EY0 —25
det[ =0
—2 —2s+ 2t — AWEY?

[AVEYP — [F(s — 1) = [E]Pst = 0

which gives as the eigenvalues and their corresponding eigensolutions:

ADEM =2 /(s —t)2 + st , 20 = [ 5 ]Xosﬂ(l) 4, 002)
vVl Tt =5t +st) ] !

AWEY — 2 (5N st $20 = [ s ]Xo,ou) L 0,0(2)
1 5 ( ) ( —t) _ (S—t)z T st 1 1

The first order energy shifts due to the most general perturbation for each of the members of the octet

corresponding to the zero energy ground state ®¢(z, u) consist of

AH = s(z2 +22) + t(ud +ul)
5 )
1 2 1
5(3—215) +2y/(s—t)? + st 5(3—215)
1 1
5 J

which shows that only in the three cases s =0, t =0 and s =t is there an SU(2) subgroup unbroken.

The shift in the octet corresponding to ground state ®§(z, u) may be found by transforming s — —s,t — —t .



5.5.2 First order perturbation theory for other representations

. 11 . o = 5}
Taking the Killing Vector is(z5- — 252

5 ) , to illustrate the effect of the perturbation on the energies of higher

energy representations, the effect on the representations corresponds to ®¢(z, u) is related to the effect on the
representations corresponding to ®5(z, u) by changing s to —s. The first order shift in energy of the highest

weight wavefunction of any of the regular hexagon representations can be found quite easily.

d L d ua"z" o (T4 uu — 22)
2t e | ———————— = nu"z
0z 0z) (1+uu+z2z)" (14w + zz)"+!
_on anz" 2n(n+3) ua"z"(1 — 2z) 2n w"z2"(1—(n+ 1w
C2n+3(1+uu+z2)"  2n+3 (L+wuu+22)" 2n+3  (1+un+ zz)"+!
— 7X"~,n' wxn’n(l) _ 2n X”»"(Q)
2n 437" 2n+3 "M 2437t
so that the first order shift for the highest weight states are AN = [2 Z_ 3] 5.
n
The same calculation for the state x"" gives
0 0 " —2nzzu"
2ot 2o - —~, = - -
Jz  0z) (1+wu+zz2)" (14 uu+ zz)"H!
_ —2n a” 2n(n+3)  a"(1 — ua) n  a"(l1—(n+1)zz)
2 +3(L+uu+2z)"  2n+3 (I4+wua+ 22"t 2n+3 (14 ua + zz)"+!
—2n 2n . n
— O,TI 0*”(2) 0,7’1(1)
om + 3Xn m + 3Xn+1 + 2n+ 3X71,+1

. : : —2
so that the first order energy shift for these states is A1) EO" = [2 _:LS] 5.
n

The first order corrections for the whole of the second excited regular hexagon states, the 27, can be calculated
by using the fact that the U, SU(2) subgroup is unbroken, that the sum of the energy shifts in first order
degenerate perturbation theory is zero and that the sum of the first order energy shifts of the whole 27 must be

zero. The shifts are:



4 1 2
A(I)EQ —?é —?S ?S
1 4 1 2
——8 F=s F=s —S
7
2 1 4 1 2
?8 F=s ?;3 F=s ?8
0
2 1 4 7 1
73 F=s $7s S
2 1 4
—S —=S —=S
7 7

o : _ _ : 7r :
Taking into account that changing z% — z% to u% — ua—CL rotates the diagram through 3 and ensuring the

correct symmetry breaking in the cases s =0, t =0 and s = t leads to the energy shift diagram for the general
perturbation AH, = s(z% + Z%) + t(u% + ’a%) . The first order energy shifts for the 27 corresponding to

the ground state ®(z, u) are:

AHy = s(z2 +22) + t(ul + a2), AWV E,
2 1 2
1 1 1~ 1
—?(s+t) ¢?\/1632+t2— 165t ¥?\/82+t2+148t ?(23—t)

4

2 1 —\/(s—t)%2 + st
Z(s—2t T2+ 1612 — 165t *7 ( )

7 7

1 2
:F?\/SQ + 16t2 — 16st ?(3 — 2t)

1 1 1 1
?(23—t) ¥ s2 + 12 + 14st ¢?\/1632+t2— 16st —?(s+t)

2 1 2
?(s+t) ?(275—8) —?(23—t)



1° Order Perturbation Theory (The Decuplet)

The general form for the perturbation produced by the Killing Vector k& = is(z% —Zz %) is the Lie Derivative

9 9
sL. 9450 Acting with this operator on the (0,1)-form highest weight of the decuplet
wa’Q _ ’122d2
U (L4t 22)?
gives
£:§+5§1/’?2 = |di, 24:0 T+ 7:%+53id w?,z
u’dz 4u’zzdz

(I1+uu+ 22?2  (14uu+22)3

which can be decomposed in terms of (1,0)-form eigensolutions as:

, I, 02 D 020 2,022
L i+56%_¢(1)2 = §3X22 + 51/)2’ - g%' @

9z

where
$020 = u*(3(1 — 2z) — uu)dz 20 zdu
2 (1+uu+ 2z)3 (1+ uti + 22)3
and
’l/)(z]’Q(Q) _ u?(3 — 2uu)dz @3 zdu

(14+wa+2z)3  (14+wua+ 22)3
are members of the (1,0)-form 35 representation, and

9102 _ (1 +uti — 2z)dz 213 zdu
X2 = (14 uu+ 2z)3 (14 v+ 2z)3

is a member of the (1,0)-form 27 representation.

Thus the contribution to the energy of the highest weight of the decuplet from first order perturbation theory

9

vanishes. Using the Killing Vector & = i(uz5- — ﬂ%) the action of the perturbation on the highest weight state

of the decuplet is:



2u°dz 4utudz
9a (1+ wii + 222 (14 v+ 22)3

2 0,2(1 4 0,2(2
=~ 4 2y

The highest weight therefore has a zero contribution to its energy in first order perturbation theory for any

Killing Vector. The same is in fact true for all members of the decuplet.

553 Second Order Perturbation Theory
The simplest Killing Vector to use in an example of second order perturbation theory is

k= zs(zdi — z— + u— — Uz ) due to its symmetry under the interchange z <+ u . The corresponding

potential term in the Hamiltonian
T=(+zE+uf+u) = 00" —xi L= XU+ X070y

conserves i and j, and changes n by zero, plus one or minus one. The number of matrix elements contributing in
second order perturbation theory is therefore very small, so the second order contributions to the energy of the

octet corresponding to the ground state ®(z, u), can be straightforwardly calculated.
Uz
For example the contribution to the energy of the highest weight state X%’l =—1is
1+uu+zz

s < MTha™ >< )|T|X1’1> s < xThe'® >< oIt >

(By — By) <\t >< oot 7 Ot >

AP EP =
> (B - E) <y hat >< xe

1,1(1) 1,1(1)

Ty >

(B — By) < M s<oa )t

252 <X11|T|X >< X

the two terms being equal due to the symmetry under z <+ u . By the decomposition of the operator T acting on

X}’l used in the first order perturbation theory

<At > _ 2
<x"he

>~ 5

The simplest way to calculate the other matrix element is to use explicit integration over CP?. The volume of

CP? s vol (CP?) = / 1cu A w
cp? 2

B / dzdzdudu
) (T4 wua+ 22)?



i i 2 =1r1e, u = rye'®
Changing coordinates to 1€t 2e'??

7_)0[ CIP)Q o 4/ / 7172d1“1d7“2d¢1d¢2
(1+7r7+1r3)3

Due to the fact that T conserves i and j any dependence on ¢; and ¢, in the matrix elements cancels, so the

integration measure is

1672 rodrdry

d(vol((C]P’Q)) m

The factor of 1672 will be neglected as it will cancel when the wavefunctions are normalized.

The action of the operator T on the wavefunction Xé’l(l) is

0 J 9, J uz(2 — 22)
TY 1*1(1) — _ 5 ) —— 1 —— _—
A2 02 e Ton T oa (1 + ui 4 22)?

_ Auz(l —uu — 222)
(14 uu+ 2z)3

so that in terms of the coordinates 7; and 7, the matrix element is

< rir3(1—rf — 2r3)dridry  —1
(1+7r7+7r3)7 180

<M >= 4/
0

and the normalization term

<xi'hat >= /OO rirydrdr 1
b o (L4+ri+7r3)> 96

Substituting each of these factors, along with Iy — F; = 3 — 8 = —5, into the formula for the second order

energy shift gives

. 1 1 2 32
s =22 (=) () () (5) - 7

z

Performing the same calculation for the state X% = ————— gives the matrix elements as
1+uu+ 2z
1,0(1) 1,0 1,0(1)
<><2(IT\X1'>:§ <X lTlx W __8
< x> b <xi'ha” > 15



< > s
’ <x’ha’ > 15

which gives the second order contribution to the energy

1 8 6 48
oA (2)(3)(E) -

By symmetry under z <+ u this is the same as for the state X(l)’l ,

48
A(Q)Eo.l — 2
1T 3750

In order to calculate the second order energy shift of the states at the centre of the octet with i =j =0, the

diagonalized eigenfunctions from the first order calculation are used. These eigenfunctions are

2 —z2Z — Ul
) 0,0(1 0,0(2
XOO—Xl() Xl()_

T l4ui+ 2z
APV L G L S L
) ' ' 1+uu+ zz

Acting on these functions with the operator T and decomposing the result in terms of the eigenfunctions of the

Laplacian gives

TX+_( a~+za +“ +ua,,)X

2 9 9 002 3 000
—_1-= d
X+ + 10 10X2 10X2

Tx-= (22 4+ 2& +ud +ud)x-

1
X2 ()+

0,0(1 0,0(2
(- + x5 =)

(G20 ]

These expressions determine half the matrix elements needed to compute the second order contribution to the

energy. After explicit integration of CP? the values of the other matrix elements are

< X+|T|X2 ) >=< X+|T|X2 Vo= =

1
0,0
<X >= — < T >= ——

and the factors due to the normalization of . are



1
< >S=< Y_|X- >= —
X+ X+ X-|x 51

Combining all these results gives finally

0,0(1 0,0(1 0,0(2 0,0(2
A E s < Ths ™™ >< x5V s > 5 < The ™ >< x5y >
X+ 0,0 0,0 0,0(2), 0,0(2
(By— Ba) < xelxs >< 5"V’ > (B = Ba) < xalxs >< 0" g >
— 9242 __1 __1 24 3 — 72 52
5 J\15 10) 125
0,0(1 0,0(1 0,0(2 0,0(2
Ao — 5 <X-ITh > "y > 5% < |7 >< x5 T x- >

(B - B) < x-x- >< 0"V s (B - By) < xoxe >< 0Pt >

=(3) )6 =) ) () (F)

32

= 32
375

The second order contribution to the energy due to the Killing Vector is(z% -z % +u — ﬂ%) , for the

whole octet are:

18, 32,
— —5
375° 375
32
r'S2
48 375 48
- I-S - I-S
375 216 , 375
—S
375
32, 18
375° 375°

The previous calculation could have been performed in the same way to find the second order energy shift of
the decuplet but would have been even more tedious with having to use the Lie Derivative of the perturbing

vector and because there are up to four terms contributing each time as opposed to two in the case of the octet.



5.6 Asymptotic Solutions on CP?
5.6.1 The Harmonic Oscillator Approximation

(Isolated Fixed Points)
In the case where the Killing Vector has three isolated fixed points the Hamiltonian tends to a harmonic
oscillator around each of the fixed points in the large s, large t limit. There is one zero energy eigensolution
localized around each fixed point. The zero energy eigensolution localized around the first fixed point
x1 = (1,0,0), or in inhomogeneous coordinates the origin in the first patch (z = 0,u = 0) is

Uy (z,u) = exp(—szz — tua)(1 — idz AN dZ —idu A du + dz A\ du A dz A du)

The fact that this solution has zero energy can be demonstrated by operating on it with J; .

OV (z,u) = exp(—s2Z — tut)(—szdz — tudu + iszdz N du A du — itudz A du N\ dz)
—liss 2 pital Uy (2,u) = exp(—s2Z — tui)(szdz + tiudu — iszdz A du A di + itadz A du A dZ)
which gives 9,V (z,u) = 0 . Taking the complex conjugate it follows immediately that d,¥;(z,u) =0 as
well and so d, ¥, (z,u) = 0. Using the locally Euclidean metric near the fixed point, ¥, (z, 1) is self-dual
under the Hodge Star and so is also annihilated by the conjugate operator d, in the harmonic operator

approximation, therefore U, (z,u) is a zero energy eigensolution of the approximate Hamiltonian.

Around the other two fixed points, 25 = (0, 1,0) or (z = 0,y = 0) in the second patch, z3 = (0,0, 1) or
(w = 0,v = 0) in the third patch, the zero energy solutions are completely analogous.
Taking s >t > 0

Uy (z,u) = exp(—szZ — (s — )yg) (1 +idz A dZ + idy A dj + dz A dy A dZ A df)

Us(z,u) = exp(—(s — t)vo — tww)(1 — idv A dv + idw A dw — dv A dw A dv A dw)

which can be seen to be annihilated by the Hamiltonian in the harmonic oscillator approximation using the form
of the Killing Vector on each patch.

Topological invariants of CP* are now determinable in terms of the zero energy eigensolutions localized around
the fixed point set, as in section 3. There is an even-form zero energy eigensolution localized around each of the
three fixed points which indicates, due to the independence of the index of the supersymmetry operators under
changes in values of the parameters s and t, that the Euler Characteristic of CP” is x(CP?) = 3.

It is straightforward to find the O(s), O(t) excited states. Near the fixed point z; = (1,0,0) as well as the

ground state 0, (z,u) there are higher energy states



U (z,u) = exp(—s2Z — tuti) (1 — idz A dz)(1 + idu A di) , E =4t
U3 (2,u) = exp(—s2z — tu) (1 +idz A dz)(1 — idu A da) , E=4s
U (2,u) = exp(—s2Z — tuti) (1 + idz A dZ)(1 + idu A da) , E=4(s+1)

Higher energy states may be found by acting on these states with the harmonic oscillator ladder operators

.0 9 L0 o
+—%—sz, X+—%—Sz, X+—%—tu, =5

The first two operators raise the energy by 2s, the second two by 2t.

The excited states form representations of SU(2) x SU(2), due to the symmetry of the harmonic oscillator
Hamiltonian, of dimension n.n; where n, and n; are integers. After taking into consideration the O(1)
contributions to the energies the energy levels will be split to form representations of U(1) x U(1), the
symmetry group of the exact Hamiltonian.

Each of these states is in a separate supersymmetry quadruplet, the other three members of which may be found
by applying the two supersymmetry operators in this approximation.

The energy levels of the excited states around the other fixed points are similar, but with the parameters altered
due to the different forms of the Killing Vector in each of the patches. Near the second fixed point,

xo = (0, 1,0), the energies of the states may be found by transforming s <+ —s, ¢ <+ s — t. Near the third fixed

point, z3 = (0,0, 1), the energy may be found by transforming those in the first case with s <> s — ¢, <> ¢.

5.6.2 The Harmonic Oscillator Approximation

(Fixed CP' Submanifold)
When the Killing Vector leaves fixed a CP' submanifold the Hamiltonian asymptotically takes the form of a
two-dimensional harmonic oscillator in the two directions transverse to the fixed CP' plus the Laplacian on the

fixed CP'. Taking k = La(z% — 2%) the zero energy solutions are

- [ —s2z 1 dzANdz  dundu  dzANduANdzAdu
Wy (z,u) = exp —|[1—1 — — — + —
| 1+uu]| (I14+wuu)  (1+wuu)? (14 uu)?
[ —s2z 1T dzNdz Cdu A du
= exp ||l -t —
|1+wua]| (1 + uu) (14 uu)?
\if( ) [ —s2z ][ ,dzAd2+,d’1LAdﬂ dz ANdu N dzZ A du
s(z,u) = ex —3 i ~ — ‘
° P |1 +wu]| (14+wuu) (14 uu)? (14 wu)3



—582Z cdz AN dz _du A du
- [m] [ - Zm} [ ! ZW]
which are localized around the fixed CPP'. These solutions are the product of the transverse harmonic oscillator
ground state with the self and anti-self-dual representatives of the cohomology of the fixed CP"'. The other
approximate zero energy solutions are localized around the fixed point 25 = (0, 1, 0), the origin in the second
patch

Uy(z,u) = exp[—szZ — syy|(1 + idx A dZ + idy A\ dg + dz A dy A dz A dy)

These three zero energy even-form eigensolutions again illustrate the Lefschetz Fixed Point Theorem, giving
x(CP") =3.

In this case, i.e. t = 0, the Hamiltonian on scalar excitations of W (z,u) and Wa(z, u) is
Hy=A+ ff:()(z?u)

where A is the Laplacian on scalars and f{=°(z, u) is

=0(3 ) = —s(l + uu — 2zz) N 32(( (14 wuu)zz )

14+ uu+ 2z 1+ uu + 2z)?

Substituting w = /52 and retaining terms of order O(s), so that for large s, near the fixed CP*(z = 0, u), H,

takes the approximate form of a harmonic oscillator

. d? WW

H=—(1 ME E
! (1+ uu)qdwd@ + q1 + u

The solutions being

~ d sz |P[d sz |? —§2Z
TP (5 ) = |— — L _
(7 ) {dz 1+ uﬁ] [dz 1+ uﬂ] eXp( 1+ uﬂ)

with energy F = (p+ ¢)s and i = p — q where i is the eigenvalue of the central charge L.

9 _ -9 .
*9: *oz




5.6.3 The Hirzebruch Signature

The Hirzebruch Signature 7(M) of CP? the number of self-dual forms minus the number of anti-self-dual
forms, is one. It is always possible to put the eigensolutions of the Laplacian in a basis where they are all either
self or anti-self-dual by pairing eigensolutions with their dual under the Hodge Star. In this basis every non-zero
energy self-dual eigensolution is paired with an anti-self-dual solution, so only zero energy solutions contribute

to the signature. On CP? in this basis the zero energy eigensolutions of the Laplacian are,

1
1+ §w Aw , which is self-dual

1
1-— §w Aw , which is anti-self-dual

w , which is self-dual.

After introducing the Killing Vector into the supersymmetry algebra the index of d, + J, actingon A*(M)
must still be equal to the signature for all values of s and t.
The relationship between the Killing Vector and the signature can be seen in terms of the form of the Killing

Vector on the three different patches.

where 0; is the number of the parameters \; which are negative in the Killing Vector on the patch j. On CP? the

Killing Vector with s > ¢ > 0,

has no negative \; on the first patch, two negative on the second patch and one negative on the third, so
T(CIP’Q) = 1, see section 5.3.

Alternatively, in terms of the orientation on each patch,
T(M)=> n
J

where n; = +1 or —1 depending on whether or not the orientation on the patch agrees with the natural
orientation on CP” after the Killing Vector has been put in the standard form. On the first and second patches

the orientation is the same as the natural orientation and on the third patch it is opposite.



When s and t are large s > ¢ > 0 and the low energy solutions become localized around the fixed point, the
zero energy solutions around the fixed points in the first and second patches are self-dual and that around the
fixed point in the third patch is anti-self-dual, as in section 5.6.1.

When there is a fixed CP' e.g. t = 0 and s large one of the zero energy solutions around the fixed CP"' is self-

dual and the other is anti-self-dual, because 7(CP') = 0, and the zero energy solutions localized around the

fixed point is self-dual, as in the previous section, again confirming 7(CP?) = 1.

5.6.4 O(1) Corrections

The O(1) corrections to the energy break the symmetry from SU(2) x SU(2), where one SU (2) is the isometry
group of a fixed CP" and the other is due to the symmetry of the transverse harmonic oscillator, to

SU(2) x U(1) the symmetry group of the exact Hamiltonian.

To find the O(1) contributions to the asymptotic expansion for the energy it is easiest to use the form of the

Hamiltonian obtained after using ®¢(z, u) as an integrating factor, equation (1)
Hy=A+5(z2+22)
Substituting w = /sz into this equation and retaining terms of order O(1) gives

H [s(1 + ua) + 2ww + uiww] > (1 + uw)? 02 (14 uu)la —02 + ‘—02 |+ s[ 0 +‘0]
= —|: ( 0+ wUwWWw — U — w w J— + W——
’ “w W Owow o Judu v owou e Oudw s“a«w “am

The lowest energy eigensolutions of H are the Associated Legendre Functions
U™ (z,u) = Y™ (u) E=Ill+1) , i=0,7=m

The next lowest energy eigensolutions take the form of expansions in powers of (1 + u)~?, i.e.

- | _ , AW , i=1.7i=0 .
1n (7, 1) ; (1 + ua)k J

Inserting this expansion into the Schrédinger Equation gives the relation

s+ k2 — E]
——|ay

Fet1 = [ k(k+1)

so that for closed solutions £/ = s + k2, where k is an integer greater than or equal to zero. These solutions are

each in an SU(2) multiplet under the unbroken U,;,, subgroup of SU(3). The other members of the multiplets



may be found by using the ladder operators U, U_. Taking complex conjugates gives another set of multiplets

The first excited state of the Laplacian on CP?, the octet with energy E = 3, has split in the large s limit to form

an SU(2) triplet
Yl(u) = U YO(u) = 1—uu
! 1+ ui ! 1+ ui ’
with energy E =2,
two SU(2) doublets
-—1,0 — z ~ 1.1 _ uz
X0z ) 1+ uu ’ X (2, ) 1+ uu
S, oy UE 0,1 __ -
Xz w) = s : N G e
with energy I/ = s + 1,
and a singlet
<00 _ 2z 1
Xz u) 1+ uu * s(1 — 2s)

with energy F = 25 — 1.

-~
IS

Vi (u) =




5.7 Summary

The ordinary Laplacian on CP? is invariant under the isometry group SU(3). Which representations are formed
by the eigensolutions of the Laplacian is determined by the Frobenius Reciprocity Theorem.

After the introduction of a Killing Vector of the general form k = is(z% -z 8%) + it(u% — ﬂ%) into the
supersymmetry algebra the Hamiltonian is symmetrical under U(1) x U(1) in the general case and

SU(2) x U(1) when the Killing Vector leaves fixed a CP' submanifold. A formula of Witten’s involving the
cohomology of the fixed submanifold has been used to find three families of closed but not exact even-forms in
the sense of d,. This corresponds with the fact that the Euler Characteristic of CP? is x (CP?) = 3. The zero
energy eigensolutions of the Laplacian corresponding to d, are more difficult to find; the two self-dual ones
have been found, but unfortunately the anti-self-dual one hasn’t/

The change in energy of the excited states was calculated using perturbation theory and used to illustrate the
breaking of the SU(3) symmetry.

In the large s, large t limit the low energy solutions become localized around the fixed submanifold of the
Killing Vector. In the generic case when the Killing Vector just leaves three points fixed the Hamiltonian takes
the approximate form of a four-dimensional harmonic oscillator around each fixed point. There is one zero
energy even-form solution around each fixed point again corresponding via the Lefschetz Fixed Point Theorem
to x(CP?) = 3.

Two zero energy solutions are self-dual and one is anti-self-dual corresponding to 7(CP?) = 1.

When the fixed point set consists of a fixed CP* and a fixed point, in the harmonic oscillator approximation the
zero energy solutions consist of two around the fixed CP' with one self-dual, one anti-self-dual and one around

the fixed point which is self-dual.
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